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2 Optimal Control of Quantum Chaos
$t=0$ |\mbox{\boldmath $\varphi$} $t=T$
$|\varphi f\rangle$ $\epsilon(t)$




$J=J_{0}- \alpha\int_{0}^{T}[\epsilon(t)]^{2}dt-2{\rm Re}[\langle\phi$(T) $|\varphi$f) $\int_{0}^{T}\langle\chi$(t) $| \frac{\partial}{\partial t}-\frac{H[\epsilon(t)]}{i\hslash}|\phi$ (t) $)$ dt$](1)$
$J_{0}=|\langle\phi(T)|\varphi f\rangle$ |2
$\epsilon(t)$ $\langle$ $\phi(T)|\varphi f)$ Schr\"odinger
$|\phi(t)\rangle$ $|\chi(t)\rangle$ $|\phi(0)\rangle=|\varphi_{i}\rangle$
$|\chi(T)\rangle=|\varphi f\rangle$ $[1, 5]_{0}\epsilon$ (t)
$\epsilon(t)=\frac{1}{\alpha\hslash}{\rm Im}[\langle\phi(t)|\chi(t)\rangle\langle\chi(t)|\frac{\partial H[\epsilon(t)]}{\partial\epsilon(t)},|\acute{\varphi}(t)\rangle]$ (2)
Zhu-Botina-Rabitz[5]
kicked rotor
2.1 Controlled Random Matrix System
$\epsilon(t)$
$H[\epsilon(t)]=H0+\epsilon(t)V$ (3)
$H0$ $V$ $N\cross N$ Gaussian Orthogonal
Ensemble (GOE) $H_{0}$ $V$
1
$|\varphi_{i}\rangle$ $|\varphi_{f}$ ) $T$
$\alpha$ $\epsilon(t)$
$|\varphi_{i}\rangle$ $|\varphi f$ $\rangle$ (Gaussian random
vectors$)^{1}|\varphi\rangle$
1































(c) $|\langle\phi(t)|\varphi_{f})$ |2 ( $T$
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Figure 2: Zhu-Botina-Rabitz { 64 $\mathrm{x}64$
$(T=200_{\text{ }}\alpha=10):$ (a) (b)
(c) $|\langle\phi(t)|\varphi_{f})$ |2 ( $T$




Figure 3: Zhu-Botina-Rabitz Kicked rotor $(K=1_{\text{ }}$
$\hslash=0.3436_{\text{ }}T=400_{\text{ }}\alpha=1):$ (a) (b)
(c) $|\langle\phi(t)|\varphi f\rangle$ |2 ( $T$ ) $\text{ }$ (d)
$J0$ (solid) $J$ (dashed)
$64\cross 64$ $T=20(\alpha=1)$
1 $T=200(\alpha=10)$ 2





2.2 Controlled Quantum Kicked Rotor




$\theta$ ( $2\pi$ ) $\text{ }$ $p$ $K$ (kick
$\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{g}\mathrm{t}\mathrm{h})_{\text{ }}\tau$ $\epsilon(t)$
Figure 4: Zhu-Botina-Rabitz Kicked rotor $(K=7_{\text{ }}$
$\hslash=0.3436_{\backslash }T=400_{\text{ }}\alpha=1):$ (a) (b)
(c) $|\langle\phi(t)|\varphi f\rangle$ |2 ( $T$ ) (d)
$J0$ (solid) $J$ (dashed)
$H_{\mathrm{I}}[\epsilon(t)]=\epsilon(t)\cos(\theta+\delta\theta_{0})$ $\delta\theta_{0}$
( \mbox{\boldmath $\delta$}\mbox{\boldmath $\theta$}0=\pi /3)
. $H[\epsilon(t)]=H_{\mathrm{K}\mathrm{R}}(t)+H_{1}$ [\epsilon (t)]
$\theta$
[9]
$\hslash=2\pi M/\tau N$ ( $\tau=1$ )








regular ( 3) ( 4)
2 T=400 $\alpha=1$ 100
$2N=128_{\backslash }M$ =7 128
$-7\pi$ $7\pi$ \hslash =2\pi M/N=0.3436
32
regular ( $3(\mathrm{a})$ )
( $4(\mathrm{a})$ ) ( $3(\mathrm{b})$ $4(\mathrm{b})$ )
[10]
$|\varphi_{i}\rangle$ $|\varphi_{f}$ ) ( $\theta_{i},p$i) $(\theta f,pf)$
$5(\mathrm{a})$ 3 regular




$|\phi$ (t) $)=e^{E_{1}t/i\hslash}|\phi_{1}\rangle\cos|\Omega|t-ie^{-i\theta}e^{E_{2}t/i\hslash}|\phi_{2}\rangle\sin|\Omega|t$ (6)
$|\phi_{1}\rangle_{\text{ }}|\phi_{2}\rangle$ ( $E_{1\text{ }}$ E2) ( ) $|\Omega|\equiv$
$|\epsilon_{0}\mu_{12}|/\hslash$ ? Rabi $\mu_{12}\equiv\langle\phi_{1}|\hat{\mu}|\phi_{2}\rangle$ $\hat{\mu}$ $\epsilon_{0}$
$\theta$
(3)
(rotating-wave approximation (RWA)) [2]
$|\varphi_{i}\rangle$
$|\varphi f\rangle$
$|\varphi_{i}\rangle$ $|\varphi f$ )
3.1 Coarse-Grained Rabi State and Frequency
2.1
$|\phi \mathrm{o}(t)\rangle=\hat{U}_{0}(t, 0)|\varphi_{i}\rangle$ , $|\chi \mathrm{o}(t)\rangle=\hat{U}_{0}(t, T)|\varphi f\rangle$ (7)





$|c(t)|^{2}+|s(t)|^{2}=1$ $c(t)$ $s$ (t)




Figurc 5: kicked rotor (A $=0.3436_{\backslash }$ \mbox{\boldmath $\alpha$}=1 T=400)
Zhu-Botina-Rabitz (100 ) $t=0_{\text{ }}$
$1_{\text{ }}2$
‘
$10_{\text{ }}$ 100 $200_{\text{ }}$ 300 $398_{\text{ }}$ 399 400 (a) $K=1$
$(\mathrm{r}\mathrm{e}\mathrm{g}_{11}1\mathrm{a}\mathrm{r})_{\text{ }}$ (\mbox{\boldmath $\theta$}i, $p_{\mathrm{i}}$ ) $=(1.0,1.0)$ $(\theta_{f}, p_{f})=(1.0, -1.0);$ (b) $K=7$ ( )‘
$(\theta_{i}, p_{i})=(1.0,1.0)$ $(\theta f,pf)=$ (1.0,-10.0)
34
Schr\"odinger ,,
$i \hslash[|\phi_{0}(t)\rangle\frac{d}{dt}c(t)+|\chi$o $(t) \rangle\frac{d}{dt}s(t)]=\epsilon$(t)V $[|\phi_{0}(t)\rangle c(t)+|\chi_{0}(t)\rangle s(t)]$ (9)
$\langle$ $\phi \mathrm{o}(t)|$ $\langle$ $\chi \mathrm{o}(t)|$ $c(t)$ $s$ ( t)
$i \hslash\frac{d}{dt}(_{s(t)}^{c(t)})=(_{\langle\chi_{0}(t)|\epsilon(t)V|\phi_{0}(t)\rangle\langle\chi_{0}(}^{\langle\phi_{0}(t)|\epsilon(t)V|\phi_{0}(t)\rangle\langle\phi_{0}(}$
. 3E$((33|\chi_{0}|\chi_{0}|’|\rangle\rangle)(_{s(t)}^{c(t)})(10)$
$|\langle$ $\phi \mathrm{o}(t)|\chi_{0}(t))|\ll 1$ $|\varphi_{i}\rangle$
$|\varphi f$ )
(10)
(coarse-grained (CG)) $\epsilon(t)$ $Tarrow\infty$
$|$ ( $\phi$0(t) $|\epsilon$(t)V $|\phi$0 $(t)\rangle|,$ $|\langle\chi \mathrm{o}(t)|\epsilon(t)V|\chi_{0}(t)\rangle|<<|$ $(\phi 0(t)|\epsilon(t)V|\chi_{0}(t)\rangle|, (11)$
3.2
$i \hslash\frac{d}{dt}(\begin{array}{l}c(t)s(t)\end{array})=(\begin{array}{ll}0 \hslash\Omega\hslash\Omega^{*} 0\end{array}) (\begin{array}{l}c(t)s(t)\end{array})$ (12)
$\Omega\equiv\langle\frac{\langle\phi_{0}(t)|\epsilon(t)V|\chi_{0}(t)\rangle}{\hslash}\rangle_{\mathrm{C}\mathrm{G}}$ (13)
c(0)=1 $s(\mathrm{O})=0$
$c(t)=\cos|\Omega|t_{\text{ }}s(t)=-ie^{-i\theta}\sin|\Omega|t$ ( $e^{i\theta}=\Omega/|\Omega$D
$|\phi$ (t) $\rangle=|\phi$o(t) $)$ $\cos|\Omega|t-ie-i\theta|\chi$0 $(t)\rangle\sin|\Omega|t$ (14)
. $|\phi_{0}(t)\rangle$ $|\chi_{0}(t)\rangle$ ( $|\varphi_{i}\rangle$ $|\varphi_{f}$ $\rangle$ )
ffibi (6) (14) $\lceil \mathrm{C}\mathrm{G}$ Rabi
(13) $\lceil \mathrm{C}\mathrm{G}$ Rabi
3.2 Actual Coarse-Graining Procedure
$\mathrm{C}\mathrm{G}$ Rabi $\Omega$ (13) (coarse-graining(CG))






Figure 6: F(t) g\phi (t) $g_{\chi}(t)$ : (a) T=20 $x=1;$ (b)T=200
\mbox{\boldmath $\alpha$}=10 $1(\mathrm{a})$ $2(\mathrm{a})$
t1=0 $t_{2}=T$
(11) CG Rabi $\Omega$
$(13)$
$F(t)$ $=$ $\int_{0}^{t}\langle\phi_{0}(t’)|\epsilon(t’)V|\chi_{0}(t’)\rangle dt’$ (16)
$g_{\phi}(t)$ $=$ $\int_{0}^{t}$ ( $\phi$0 $(t^{J})|\epsilon(t’)V|\phi_{0}(t’)\rangle dt’$ (17)
$g_{\chi}(t)$ $=$ $\int_{0}^{t}\langle\chi_{0}(t’)|\epsilon(t’)V|\chi_{0}(t’)\rangle dt’$ (18)
$F$ (t) ,
$\mathrm{C}\mathrm{G}$ Rabi $\Omega$ $F$ (t) $t$ l
6 lF(t)l $|g\phi(t)|_{\text{ }}|g_{\chi}(t)|$ 2.1
$T=20$ $($ $6(\mathrm{a}))_{\text{ }}g$\phi (t) $g_{\chi}(t)$
$F$(t) $F$ (t) $t$
















Figure 7: $|\langle\phi \mathrm{o}(t)|\phi(t)\rangle|^{2}$ $|\langle\chi \mathrm{o}(t)|\phi(t)\rangle|^{2}:$ (a)T=20 $\alpha=1;(\mathrm{b})$
$T=200_{\text{ }}\alpha=10_{\text{ }}$ 1(a) $2(\mathrm{a})$
4 Analytic Expression for the Optimal Field
4.1 Coarse-Grained Transition Element
$\mathrm{C}\mathrm{G}$ Rabi
$|\phi$(t) $)$ $=$ $|\phi$0 $(t)\rangle\cos|\Omega|t-ie^{-i\theta}|\chi$0(t) $)$ $\sin|\Omega|t$ (19)
$|\chi$ (t) $)$ $=$ -ie$i\theta|\phi \mathrm{o}(t)\rangle\sin|\Omega|(t-T)+|\chi \mathrm{o}(t)\rangle \mathrm{c}\mathrm{o}$ s $|\Omega|$ ($t-$ T)(20)
(19) (20) (2)
$\epsilon(t)=\frac{\sin 2|\Omega|T}{2\alpha\hslash}{\rm Re}[e^{-i\theta}\langle\phi \mathrm{o}(t)|V|\chi \mathrm{o}(t)\rangle]$ (21)
$|\langle\phi \mathrm{o}(t)|\chi 0(t)\rangle|\ll 1$ $\mathrm{C}\mathrm{G}$ Rabi
$\Omega$ $\theta$ (21Y
$\mathrm{C}\mathrm{G}$ Rabi (13) (21) $\Omega=e^{i\theta}|\Omega|$
$| \Omega|=\frac{\overline{V}^{2}\sin 2|\Omega|T}{4\alpha\hslash^{2}}$ (22)
$\overline{V}^{2}\equiv\langle|\langle\phi 0(t)|V|\chi \mathrm{o}(t)\rangle|^{2}+[e^{-i\theta}\langle\phi \mathrm{o}$ (t$)|$V $|\chi$oO))] $2\rangle_{\mathrm{C}\mathrm{G}}$ (23)
$\mathrm{C}\mathrm{G}$
$\alpha$ $T$ (22) $\Omega$
$T$ $\overline{V}^{2}$
$H_{0}$ |\phi \leftrightarrow $|\varphi_{i}\rangle$ $= \sum_{j}c_{j}|\phi_{j}\rangle_{\text{ }}|$ \mbox{\boldmath $\varphi$} $f\rangle$ $= \sum_{k}d_{k}|\phi_{k}\rangle$
( 9 $dj$ )
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Figure 8: (a) $J_{0}=|\langle\phi(T)|\varphi f\rangle|^{2}$ (b) $\overline{\epsilon}$ $64\cross 64$
$T$ $\cross$
Zhu-Botina-Habitz $\mathrm{C}\mathrm{G}$ Rabi









8 (27) (28) ( )
( $\mathrm{x}$ ) $T$
$T$ 4
4.2 Analytic Solution for Perfect Control
ZBR $\alpha$
(22) $\alphaarrow 0$
$| \Omega|=\frac{(2k-1)\pi}{2T}$ $(k=1,2, \ldots)$ (29)
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Figure 9: (30) $\mathrm{C}\mathrm{G}$ Rabi (k=3) |(\chi 0(t)|\phi (t))|2
|(\phi oO)|\phi (\oplus |2
$256\cross 256$ GOE
1.0
$\backslash \backslash \backslash \backslash \backslash$
$\backslash \backslash \backslash$
$\backslash \backslash \backslash \backslash \backslash \sim\backslash \backslash$
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Figure 10: ($k=1$ ) $J_{0}$




$\theta$ $e^{2i\theta}=\langle\phi \mathrm{o}(T)|\varphi f\rangle/\langle\varphi f|\phi \mathrm{o}(T)\rangle$
(30) $\alpha$ [11]
( $256\cross 256$ GOE) (30) CG






5 Summary and Discussion
kicked rotor
ZBR-OCT
( $\mathrm{C}\mathrm{G}$ Rabi $\mathrm{C}\mathrm{G}$ Rabi )
(30)
(a)
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